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The onset of auto-oscillations at transition of the Reynolds number (or any other
parameter defining the steady motion of a viscous incompressible fluid) through
its critical value is investigated,

Landau in [1] (see, also, [2, 3]) considered the onset of the periodic auto=-
oscillation mode to be the first stage of transition from a laminar to a turbulent
flow of a fluid, His method, developed also by Meksyn, Stuart and Watson (see
[4~7]), implies the knowledge of the eigenvectors of the linearized (with respect
to the basic laminar mode at a given Reynolds number) Navier-Stokes operator
to which (according to the linear theory) correspond increasing perturbations, A
system of ordinary nonlinear differential equations is derived for the determina-
tion of the Fourier coefficients of the velocity field, The calculation of the
right-hand sides of equations of this system is, however, somewhat involved,
Owing to this, this method had not, so far, provided final results in specific cases,
such as, for example, the Poiseuille flow in a channel, The Landau method is
clearly more suitable for investigating the onset of a periodic mode rather than
for the calculation of a stabilized one,

Here the onset of auto-oscillations is analyzed by the Liapunov-Schmidt me-
thod described in [8, 9], The branching out of periodic solutions of systems of
ordinary differential equations is considered in [10], where references to earlier
works are cited, The generation of a cycle is considered in [10, 11] for a system
of ordinary differential equations, while [12—14] deal with the special case of
Galerkin equations approximating the Navier-Stokes system, Certain statements
related to the complete Navier-Stokes equations are also formulated in [13, 14],

A comprehensive statement of the problem and basic definitions are given in
Sect,1; an a priori estimate of possible auto-oscillation modes is presented
(Lemma 1, 2), and it is shown that only the critical value of a parameter can be
a point of branching out of the system (Lemma 1, 3).

This is followed by the analysis of supplementary conditions for the actual
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generation of a cycle, Theorem 2.1, which is an analogy of Krasnosel'skii's
theorem on bifurcation [15], is proved in Sect, 2, The existence of periodic
auto-oscillatory motion under conditions of Theorem 2,1 is established by the
analysis of linear equations only, independently of the form of nonlinear terms,
A more detailed analysis of generated cycles, of their number and analytic
properties is given in Theorem 2, 2 and related notes in terms of parameter s ,
Since the proofs of Theorems 2,1 and 2, 2 are based on the most general pro-
perties of Navier-Stokes equations, these theorems can be readily extended to
a wide class of ordinary differential equations in a Banach space (see Theorems
3.1 and 3,2 in Sect, 3) which comprise, in particular, problems involving equa-
tions of the parabolic kind, equations of convection, magnetohydrodynamics, etc,

1, Existence of auto-oscillations, Statement of the problem,
Let a homogeneous viscous incompressible fluid fill the bounded region £} of a three-
dimensional Euclidean space (*). Let us assurne that the vectors of mass forces and of
velocity at the boundary S of region £ are specified and, while being independent of
time, depend on a certain parameter y.

Let there exist a stationary solution of the Navier-Stokes equations (a(.r, 7), po (., 7))
which we shall call in the following the fundamental solution,

We denote by 7, the critical value of parametery , when for ¥ = ¥, the stability
spectrum of the basic flow has a nonempty intersection with the imaginary axis.

If for Y = Yo the stability spectrum contains zero, the passage of parametery through
the critical value Yo results, as a rule, in the branching out of new stationary modes (see
[16—-18]). However here we consider the case in which at y = ¥, the stability spect-
rum contains a pair of purely imaginary eigenvalues ¢ iw, (w¢ 5= 0). In this case
the linearized system has a periodic solution, and it can be expected that for y close to
Vo there exists a periodic auto-oscillatory solution of nonlinear Navier-Stokes equations,
The conditions for an actual occurrence of this are given later,

The stability spectrum of the auto-oscillatory mode for.¥ close to Yo contains points
91,2 close to im, (these can be calculated by using series expansions of the pertur~
bation theory), If these appear in the right-hand half-plane, the auto-oscillation is un-
stable, It is, also, unstable, when for ¢ = 7y, the basic flow is unstable, and this mani-
fests itself by the appearance in its stability spectrum of points of the right-hand halif-
plane, If, however,at ¥ = Y all points of the basic flow stability spectrum, except
Fi0) o, lie within the left-hand half-plane and Re 6, , < 0, the auto-oscillation mode
is stable,

Let us assume in what follows that § &= C? and that the dependence of vector a on
Y is analytic in the neighborhood of Y,

az,y)=Nax(@d  d=1—"o (1.1)
(e R:O
and series (1,1) is convergent in PVZ‘”.

Assuming that for any solution of the Navier-Stokes equations v’ and P" are expressed
by Vi=vd4a, P =g+ D (1.2)

*) Two- and n-dimensional cases are treated similarly,
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we obtain for perturbations the nonlinear equation

%-{—Av-{— D 8By = — Kv (1.3)

k=1
The following notation is used here
Kv = Ky (v, V), Ky v)=I1I(u,y)v
Ko’ (0, V) = Ky (u, v) 4 Ky (V, 1), Byv = Ky’ (a, v) (k=0,1,..) (1.4)
‘A—-—Ao+Bo, A0=—VHA

The operator 1T is the orthogonal projector in L, into the subspace and B = S, is the
closure in L, of the set of smooth solencidal vectors which vanish in the neighborhood
of the boundary of region Q,

The unknown cyclic frequency of the sought periodic solution of Eq, (1. 3) will be
denoted by @.Substituting w? = ¥, we reduce Eq, (1. 3) to the form

+Av + ZG“Bkv=—KV (1.5)

k=1
Let us assume that a unique eigenvector @ of operator A corresponds to eigenvalue
—Iiwg. Then the complex conjugate eigenvector q*
Ap +ioep =0, Ap* — iwe9* =0 (1.6)
corresponds to the eigenvalue jg,;.
We introduce operator A* conjugate of operator A in H whose region of definition

coincides with D 4, and du Ou,
! i

A* = Ay + By*, By'u=— H-{ak ( + 6::4) } @
where e, e, and ejare the coordinate unit vectors in B2, For any u,and v & Dy
we have the identity (Au, V)i = (u, A*V)y (1.8)
The scalar product in H is of the form

(u, ¥)g = Su-v*dx (1.9)
a

Operator 4 has a discrete spectrum whose resolvent is an absolutely continuous opera-
tor in the energy space H, of operator A,; each generalized eigenvector @ belongs to
D 4,,and every eigenvalue of operator A is, alsq, the eigenvalue of the conjugate opera-
tor A*.we denote the eigenvector of operator 4 *corresponding to the eigennumber iw,
by ®. We have

A*D —ing®d =0, A*D* | in,P* =0 (1.10)

Let us assume that the eigenvalues i@, are simple numbers; this implies not only
the uniqueness of related eigenvectors but, also, that (¢, ®)y.== 0. Hence it can be
assumed that condition

(¢, D) = \q)-(b*da:=1 (1.41)

is satisfied, Q

We look for nontrivial 27 -periodic solutions of Eq, (1, 5) in the Hilbert space H,of
closure of the set of vector functions v (1) : T & [0, 2n] such that 4V {(T) and
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dv (t)rdt are strongly continuous along [0, 2n] in the metic
n
d
(U, V)i, = g [mol(%’ d_:)u + (4o, A.,v)x] dv (1.12)
o

Let the number Yodenote the point of branching out of a cycle, when there exist the
sequence Yn —> Yo (6, = Yn — Yo—>=.0) and the related sequenciesof numbers
o,, 5+ 0 and vector functions v, & H, with v, == ( which are solutions of Eq,(1.5)
for v, — 0 in H,. Let us assume that a normal cycle is branching out, when there
exist one-parameter sets ©v, Uy: Vy & If, for v, == 0 (y 5= ¥,), continuous with
respect to ¥y and satisfying Eq, (1. 5), when p passes through a certain interval J whose
limit point is Ypand, when @y — wq = 0 with v, — 0 for ¥ — yo. If @y =0
(wy — 00) with all other conditions satisfied, the cycle will be called slow (fast), "If
the interval J can be chosen so as to comprise point y,. the cycle (whether normal, slow,
or rapid) will be called two-sided. Otherwise the cycle will be called one-sided (*).

In what follows we examine the conditions which must be satisfied, if y; is to be the
branching out point of a cycle and, also, investigate the set of v and o for which Eq,
(1.5) has a nontrivial solution,

We introduce operator L : Hy — H' = L, ((0, 2x), H) on the assumption that

for any vector function u & H .
2 L (Do + Au (1.13)

Lemma 1,1, For operator [ to be invertible it is necessary and sufficient that
points inw, (n = 0, F1,...) do not appear in the spectrum of operator 4.

Proof, It can be assumed that @, > 0 (in the contrary case this can be achieved
by the substitution @y —» — Wy and v — — 1), Let us consider equation

du . A4
Lu=oo 57 + Au=t @44

on the assumption that f & H’', We shall prove that the problem of finding a 2s~peri-
odic solution of this equation reduces to a Fredholm equation of the second kind, For
this we rewrite Eq, (1,14) in the form
d
Lou = @y 7z + Aou = f — Bou (1.15)

It will be readily seen that operator L, : Hy— H' is invertible, The inverse operator
may be presented in various forms

wo®) =Lt ) = | exp [~ Le—na|t@dr=

-+oo 2n
= 5 o Ginaol 4 At ZLnf f(x)e~t" dv (1.16)
N=—co 0
©o 2x%
ug (t) = 2 Z ‘Pk T z+‘ L S (£ (v), 9)) e-in7 gy 1.47)
=1 NA=—o0 0

*) This definition extends to the case in which the transition of parameter ¥ through
the critical value y, results in the onset of cycles of the two or, even, all three kinds
described above,
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Here 9 is the complete system of eigenvectors (self-conjugate, positive definite, and
having an absolutely continuous inverse) of operator Ag and A,? are the related eigen-
values Ay? — oo (k — o<}, According to the results in [20] we have

e WP () for p>1
Inversion of operator L, reduces Eq, (1.15) to the equivalent form
u+ Lg'Bou = v, uy = L't (1.18).

Let us prove that operator L;‘l?, : Hy — H, is obsolutely continuous, In fact, it can
be presented in the form Lg fBOJ, where J is the operator of imbedding of space H;.into
space Hy of 2n-periodic vector functions from L,((0, 2n), H,). For any vector function

© <x
u(t) = 2 Z cnkli"‘

K==} Nax—co

we have
Bull, =25 ) (%0 4+ M) Loy [y Tulyy =20 21 My Loy P (1.19)
nk nk
The criterion of compactness in /; implies thus that a sphere in space Hy is a compact
ellipsoid in Hy'. Hence operator. J : Hy — Hi' is absolutely continuous, Operator B, :.
¢t Hy — H' is bounded, Taking into consideration its definition (1,4) and the elemen-
tary inequality '
Jafg, > A2k,
we obtain
| Bouly < cofulg,

1
co? =2 max la(z)iz+2 ut S (vot a)?dz (1.20)

Thus operator L3'B, = L“B,,J is absolutely continuous in H,. According to Fred-
holm's theory for Eq, (1.18) (or Eq. (1,14)) to be solvable it is necessary and sufficient
that the related homogeneous equation has no trivial solutions, An expansion into
Fourier series readily shows that the latter condition is the same as the condition of this
Lemma, which completes the proof,

Lemma 1,2, The set of such ¢ which correspond to nontrivial 2x-periodic solu-
tions of Eq, (1. 5) from any sphere || v||g, << 7 is bounded by the number depending
on r, ||a||W(2) and on region Q.

Proof, fet v'be a nontrivial 2n~periodic solution of Eq, (1. 5), We assume that

b1
v=vii4u Vo= .23;5 v (%) dv (1.21)
The vector function u satisfies equation

© (du/dt) + Aou = — K (v° +u) + Ko (v’ +u) — Bu=g (u, v°)

(1.22)
Ko (v° +u)—__.5 K(v°+u)dt, Bu= 2 8 B,u
kmp
From the definition (1, 21) of the vector function u follows the estimate :
fuly, <Ivlq,, (1.23)

Integrating in both parts of Eq, (1.22) the scalar squares in H with respect to t.from 0
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to 2n , we obtain

2n 2
. d 2 1 o
o= | (m’ EHH +1 Anuu%,) dv= | g v de (1.24)
0 0
Using inequality (1, 21) and the elementary inequality
m m
2 2 n
" S 1y H <m Il (1.25)
k=1 H k=1
for the estimate of the right-hand side of (1, 24), we obtain
2%
* ' 9
7, <Sedfully, 5 | dv | [V Fobup 4wl (b v 4w (rot )} dz (1.26)
0 o]
In what follows we shall need the imbedding inequalities
max v (T |y <ol Vi, WviL. o+ frotviy,,, @ S 1V, (1.27)
o< <Son "

Q=0X(6 21]
where constants ¢, and ¢, depend only on region Q. To prove the first of inequalities
(1.27) we have to examine the identity
2
"

du

d du
-7 lulf, = H—{,—T— -+ Aot l — A, v=1 (1.28)

2
|

Using the inequality
| Ante gy = Miflu gy,
from (1,28) we obtain

o \ o s du 2 —
g eyt <2 ("W '+ A 1:,,2> = (1) (1.29)

Multiplying both sides of this inequality by evM* and integrating with respect to ¢ from
—o00 to T, we obtain r ~ ,
M (1) 2 <2 S M g2 (t) dt (1.30)

The right-hand part of (1, 30) can be presented in the form

x t-—?sn s ell’ (t’ _ ZJI) 2n
S \ MUt (1) dt = ——, g M1 (1 4 5) ds (1.31)
nen 1—21'(n41) e ' ‘o
This yields directly the necessary inequality; constant ¢; ‘can be taken as equal to
2 (1 — 73,
The second of inequalities (1, 27) is derived in the manner given in [19].
We shall also require the multiplicative inequalities

Irotuly, @ < Collulfgrldoulife,  fuly, gy < Crluigedulfy (132
Finally, we note the inequalities '
Tul, <1Yyw*J,, ha il < —m—-’u, (1.33)

valid for any vector function u & Hy: u” = 0

To prove these it is sufficient to expanci the vector function u into a Fourier series,
use the Parceval equality (1,19), etc,

Let us revert now to relationship (1, 26) and successively estimate the terms in its
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right-hand part,
Using the H¥lder inequality together with the first of inequalities (1. 32)/. we obtain
/s

2r n
\' dfg v (rotu)tdz < a*fvii, (g [S ho l/f"ﬂAouHZfd“] (1.34)
‘o o o

Using once again the Htlder inequality, we derive
27
S dv g vi(rotupdzr aljv ||2“ (@ ‘1w [[Z: @ -.m‘ax [fa(r) ll'x{;',‘ll uly, (1.35)
o @
Finally, making use of inequalities (1,27) and (1, 33) for the estimate of the right-hand
side of (1, 35), we obtain

an
> 3
\angwwugggk, 6 = cyirgte, (1.36)
‘o a
Inequalities on
S dtS u? (rot v dr CV“_':. J o ce = c;’c;’c;" (1.37)
™)
o 0
2n
dz \ wt (rot u)dz' S0 g, (1.38)
) h Vo

are derived in a similar manner, Use was made of (1, 23) in the derivation of inequality
(1. 38).
From (1,26), (1. 33) and (1. 36)—(1, 38) we obtain

Scn® | cr?
< e o (1.39
<SS tve )
This yields the estimate of @
o < YVa(er* + Vertrt + 20c02)? (1.40)

Lemma 1,2 is proved,

It follows from Lemma 1, 2 under conditions considered here a fast cycle cannot occur,
This is closely related to the fact that the intersection of the spectrum of the Navier-
Stokes operator with any straight line parallel to the imaginary line is limited, It would
be interesting to know the conditions under which the general equation (1, 5) can have
a fast cycle, One of the predominant factors inducing the onset of a fast cycle is appa-
rently the property of the spectrum-of the linearized operator A to have as its limit point
an infinitely distant point of the imaginary axis, It is possible that fast cycles of a cer-
tain kind occur, also, in the case of Navier-Stokes equations, but only when y, = o0,

i, e, when these "branch out” from flows which remain stable at any Reynolds numbers,

The plane Couette flow, the Poiseuille flow in a round tube (although nobody has so
far given a strict proof of this), and stable rotational streams [17, 18] are examples (of
such flows), In our opinion it is this that explains the low stability of such modes at
high Reynolds numbers, although it seems possible that at infinitely high Reynolds num-
bers other modes, such as stationary or almost periodic, merge with these flows,

The following analysis relates primarily to normal cycles,

Lemma 1, 3. Branching out points of a cycle can only correspond to critical values
of the parameter, Let ¥, —- Y, and ®, —- W,and the related nontrivial solutions v, of
Eq. (1.5) tends to zerd by the norm of [{2_There is then among the numbers
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F imwy (m = 0,1 ...) at least one belonging to the spectrum of operator 4,
Proof, This will be made by contradiction, Let the Lemma be untrue, By assuming
® = 0, + p we reduce Eq, (1. 5) to the form
-
dv dv k .
Mv-.:moF+Av+pﬁ+k§15Bkv+K\.—0 (1.41)
Operator M continuously maps space H; X R X R (the space of the set of three
v, u, 8) into H’. For v = 0 and p = & = ¢ its Frechet differential is the operator L
which by virtue of Lemma 1.1 is invertible, By the implicit function theoremEq. (1.41)
for sufficiently small p and § is only satisfied for v = 0, which contradicts the assump-
tion that y, is a point of branching out of a cycle, The Lemma is proved,
The problem is thus reduced to finding the conditions sufficient for a given critical
value of the parameter to be the point of branching out of a cycle,

2. The equation of branching out, Let us first consider the problem of
determining the periodic solution of the nonhomogeneous linear equation and derive
the condition of its solvability,

Lemma 2,1. Letoperator A have at the imaginary axis a pair of simple eigen-
values Fiw o (@ o > 0) with regular remaining points of that axis, For the existence
of a 2m-periodic solution of equation

oo fp+Au=1f(1), feH 2.1)

it is then necessary and sufficient that condition
an
S(f (1), @) etdr = 0 (2.2)
is satisfied, 0
Proof, The necessity of condition (2,2) is checked by the simple calculation; if
Eq, (2.1) is solvable, then according to (2,1) and (1,10) we have
2n 2%
S (f (v), ©) e"“d-r:S (u(x), A*® — i, ®) edr =0 2.3)
) o
Let us prove the sufficiency. Let 0,(d4), o, (4) and o_ (4) denote the parts of spectrum
a(4) lying on the imaginary axis within the right- and the left~-hand half-planes, respec-
tively, We denote by Py, P, and P_ the related projectors

Py = 2—:5 S M —A)tdh, P, = 2% S (M —Ay1dh, P_=I—Py—D, (2.4)
I's Te
Here I'yand I', are smooth contours lying in the bounded part of the complex plane and
consisting of regular points only of operator 4, The region bounded by the contour
Ty (T,) contains the set g,(0,) and does not contain any other points of the spectrum
o(A).The derived projectors commutate between themselves and with operator 4.
We seek the solution of Eq, (2.1) in the form

V(%) = Uo (1) + Uy (1) + U_ (%), Un=Pou; upz=~gu (2.5}

Vector functions ug are found from equations

d ux

TFpAup =1, fo =PI (2.6)
©3 dat + u:F -+ + -+
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1t will be readily seen that these equations are solvable and

k3 1 1
i - (1-8)A —1 —-—(—0) A
u, (V) ="g- S e 14 (s)de, u_(v) =TS e f-(e)ds (2.7)
-—00 T
The vector function u, is of the form
w(v) =a(t)p+ a* () p* 2.8)
Function (1) satisfies equation
a 82— i = (£(1), D)y (2.9
The latter can be rewritten as
@ -:—t eTa) = (1 (7), D)y (2.10)

Condition (2, 2) implies a 25 -periodicity of function a. The following Lemma estab-
lishes the condition of solvability of Eq, (2.1).

Lemma 2,2, For a 2n-periodic solution of Eq, (2. 1) to exist it is necessary and
sufficient that condition on

S(f (1), D) et dr = 0 (2.11)

be fulfilled for any eigenvecto: ® of the conjugate operator A* to which corresponds
the eigenvalue inw, ,where n is an integer,

Proof, The proof of necessity is exactly the same as in Lemma 2,1, To prove the
sufficiency we apply the Fredholm-Riesz theorem to the equivalent equation (1,18),

Using relationship (u, V), = (Lou, Lov)y, (2.12)
we readily conclude that the related conjugate homogeneous equation is of the form
v +.Lo 'Lo* By*Lov =0 (2.13)
Operator L,*: H, — H'is defined by
Lo"v=—w % + Agv (2.14)

It should be noted that operator Lo*”'By* admits absolutely continuous closure in X’,
since along the dense line manifold /71’ in H' it coincides with the conjugate operator
ByLy' = ByJL™y absolutely continuous in H’ (see proof of Lemma 1,1),

Assuming I,v = » we see that vector function ¢ satisfies equation

dq
— 00 S 4 Ao+ Bo"gp =0 (2.15)

If, on the other hand, ¢ is a 2n-periodic solution of Eq, (2.15), v = L;‘; satisfies Eq,
(2.13),
The condition of solvability of Eq, (1.18) is of the form
(o, Vg, = (I, LaV)pg.== (£, @)y =0 (2.16)

for any 2x-periodic solution ¢ of Eq, (2,15). The expansion into a Fourier series shows
that the latter is a linear combination of solutions of the form ¢ *¢» , where n is an
integer and @ is the solution of equation

— inwod 4+ A*® =0 (2.17)

Hence condition (2,16) is equivalent to (2,11) and the Lemma is proved,
Note that the Lemma can be extended to the case in which operator 7 ,.is time-
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dependent (let us say continuously by the norm H," — H'); this requires only the sub-
stitution of condition (2, 16) for (2.11).

Let us consider Eq, (1, 5) or (1,41) in which 8 is a known and |+ an unknown small
parameter, We assume that the intersection of the spectrum of operator A with the
imaginary axis consists of a pair of eigenvalues Fiw g (w, > 0) which we shall con-
sider to be simple (numbers) (*).

We seek the vector function v in the form

V(1) = u(r) + aep 4 ateigp (2.18)
Constant @ is uniquely defined by setting
9
S (i (1), ®)get* dv =0 (2.19)
]

Since Eq, (1. 5) does not explicitly contain time, it has in addition to the periodic
solution v the periodic solution v, defined by v, (1) == v (t + &) for any real h. We
define phase & by specifying a positive constant a.(otherwise it would have been suffi-
cient to pass from v to vj, with j == —arg o). Thus solution v may be sought in the

form V=utoap, Pp=erpfetgr, oa>0 (2.20)

where u satisfies condition (2,19), Substituting (2. 20) into (1,41), we obtain
(2.21)

Dus= oo+ Au=—p Zr—p gt a—26*33<u+aw>+f<<u+mp)

We denote by H,* and H|' the subspaces in H % and H' defined by condition (2,19)
and consider D as the operator from H,° into H,'. By virtue of Lemma 2,1 (or 2,2)
there exists the inverse operator D1,

Let us denote by P the projector in H' onto the subspace H,
3 2

Pu=u— @e'* 5 S(u (), @) e~tds — @¥ett S (u(s), P*) e'%ds (2.22)

The problem of determining u and & from Eqs, (2.21) and (2.19) is equivalent to the
following:

(2.23)
= Dp{— B o 2 8*By (u+ ap) + K (u + o)} = D1Pf
U= P)|—pit—pa Tt k}‘_. 8 By (u+ a) + K (u +ap)} =0 220

The right-hand side of Eq, (2. 23) represents a continuous operator in f,°, analytically
dependent on 8, @ and p ,and vanishing for 8 = a = p = 0. Hence, according

to the implicit function theorem, Eq. (2.23) can be solved for u. In the neighborhood
of point (0, 0, 0) this solution is analytically dependent on 3, ¢ and p and is uniquely

*) It is not difficult to construct the system of equations for branching out in the gen-
eral case,
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defined by the condition that w'=0 for § = a = p = 0. It can be readily found
by the method of undetermined coefficients by substituting into (2. 23) expansion

u= D uumb '™ Uee =0 (2.25)

k., ms=0

We thus find that the first power terms u,p9 = Uyzp = HUgg; == 0 are absent in (2.25),
that u,q, = U g = Ugyy = Wyge = ', and that among the terms of second power
only U;,, and wg,,, can be nonzere

Ugye == = D"IPB. Uggp == D‘IpKﬂb == D1 K 736

16 (<
Let us write down the coefficients of the third power terms
Uggo == Ugpy = Uygg == Upyy = Ugog == ()
Ugge = — DLP (Byuyo + Byp)y  Myge = D71P (— Byugyy + Ko’ (U300 9))
Uyy; = — duye/dv, Ugsp = Ky (W04 )

Upyy = ~— Gt/ dT (2.27)
As an example we also write the expression for the coefficient Ugyp
Uggo = D 1P (K 30° (Ugg0s Vage) + Ko™ (Tozo, $)) (2.28)
Generally for the coefficients typ (! = 3, 4, ...) we have
t—2
o = D7IP (K3® (05,0-1,00 $) + 2 K 30° (Woro, Uo,t-r,0)) (2.29)
r=9

We also note that uy,, = 0 (k, m = 0,1, ...). In fact, the sought solution of Eq,
(2,23) obviously vanishes for a = Q ,

Substituting now the expansion (2, 25) into (2, 24), for the branching out we obtain an
equation of the form g, a,p)=0 (2.30)

Here £ is a complex-valued function, hence (2, 30) is a system of two equations with
two unknowns o and p. Function g is analytic with respect to §, o and p in the
neighborhood of point (0, 0, 0), and its expansion into a Taylor series is of the form

gda, = D gumdaB™  utm = (fxim, P (2.31)
K.l m==0

where i, is the coefficient of §*¥a'y™ in the Taylor expansion of the expressions in
brackets in (2. 23) and (2,24), It will be readily seen that g is an odd function of the
variable a: the substitution T — % -~ & and @ —» — @ does not alter Eq, (2.23),
while the left-hand side of Eq. (2.24) tums into its inverse number,

Taking into consideration (2,25)~(2.28), we can now write the equation of branching
out-(2, 30) as

g (6, a, P") = - 2n:iatp. — ba (Bl‘pi (Deh)H' - 62“ (Blullo '+‘ Bz‘\l’: (Dei‘)H. +
+ d-s (Kgoo(“ogo, '\P), (Dek)H’ + e = 0 (2«32)
where terms of fourth and higher powers of &, @ and @ have been omitted, The coef-

ficients in Eq. (2, 32) can be reduced to a simpler form by integration with respect to
time. We have, for example,
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t 13

g0 = — (B}, Pe)yr = — S(Bx‘fwﬁ‘i‘ Byp*elt, D)y e dv = — 2n (B9, P)g
0

(2.33)

Guo = — 21 (By9, D)y + 21 (B, W, D)y (2.34)

where vector W is the solution of equation
(A + i0 )W = B9 — (By¢, P)r p, (W, D)y =0 (2.35)

It follows furthermore from (2, 26) that the vector function wgg, is of the form

Uggp =% -f- Z3T - z*e-it (2.36)
where vectors z oand z are defined by equalities
zg = A7 K" (9, ¢*) (2.37)
7= (A + 2i00]) K (9, §) (2.38)
With the use of expression (2, 36) we obtain
Boso = 27 (K20° (20, @) -+ Koo’ (7, @*), P)u (2.39)

The analysis of the branching equation makes it possible to determine the number of
branching out cycles and establish their analytic properties with respect to parameter §
(for each of these a and ., and by virtue of (2,25) also u, are series expansions in frac~
tional powers of parameter 0),

The following theorem specifies the conditions which make it possible to establish
the existence of a cycle by an analysis of linearized equations only,

Theorem 2,1, Let?y,be the critical value of parameter y, and let operator A (see
(1.4)) have a pair of purely imaginary simple (*) eigenvalues T iw o == 0.

Let there also be no eigenvalues of operator 4 among the numbers inw (n is an inte-
ger and n=k 3= 1), and let the following condition be satisfied :

Re (B,, )+ 0 (2.40)

Then Y is the point of the branching out of a cycle, There can be only two possibilities
in this case s either we have a single normal one-sided cycle, or Eq, (1. 5) has for Y==Yo
and @ = wo a one-parametric set of 2n-periodic solutions {v,} with vo==0 analyti-
cally dependent on the small parameter q, and, if at the same time v — Y, is fairly
small but not zero, Eq, (1. 5) has no small periodic solutions,

Proof, By cancelling in (2.32) 2nq, we obtain equation

R, @2, p) = ip + (B9, P)yd +... =0 (2.4

where terms containing &, a and p of powers higher than the first have been omitted,
Assuming Re h = & and Imh = h; and calculating the Jacobian, we obtain

d(h,, k) — I O 9r*

= Im 9" 2 = Re (B19, D)y =0 (2.42)
(5, ) Ja=b=p=o O 86 Ja=d=p=0 ' H

*) We recall that this implies not only uniqueness of eigenvectors » and ¢* correspond-
ing to eigenvalues — iw, and iw, but, also, the absence of adjoint vectors, which leads
to the condition (2, @)y == 0 (see (1,11)),



The onset of auto-oscillations in a fluid 599

Using the implicit function theorem, we conclude from this that Eq. (2.41) can for suf-
ficiently small |a| be solved for ¢ and p. since there exist analytic functions § = 6(a?)
and p = p(a?) which reduce (2, 41) to an identity and are uniquely defined by the sti-
pulation that 6(0) = p(0) =0.
Let us take an arbitrary sequence of positive numbers -a,, — 0 and construct the cor-
responding sequencies
Op = 8(@,?) — 0, Mn = p(a,?) — 0, @n = @ + Bn

Then the series (2,25) yield the related solution of Eq, (2, 21), and formula (2, 20) that
of Eq, (1. 5) which is obviously nontrivial, since @y >> 0. This proves that yo is a point
of branching out of a cycle,

If the left-hand side of Eq, (2.41) is independent of «, then the unique small solution
of that equation is obviously p = & = 0. In this case parameter a remains arbitrary
and, if it is sufficiently small, the series (2, 25) is a solution of Eq, (2.23) for &6 = p = 0.
Thus in this case the second of the possibilities noted in Theorem 2,1 is realized (*).
Let now the left-hand side of Eq, (2.41) depend on a. We expand function § into a
Taylor series and try to solve the equation

6=0(a) =c,a®™ +c, 2t " 4, (2.43)
for @ at small 8 ,

We assume that ¢, 5= 0 and m > 1. If €n > 0 (¢, < 0), Eq, (2.43) has a unique
small positive root @ for & > 0 (< 0) and has no small real roots for 4 < 0 (8 > 0).
In both cases we have 5 \vam e 5 \um

o () [im i (2)7 ] "

m

The square brackets contain the series expansion in powers of parameter (8/c,,)"/™,

To prove the expression (2, 44) it is sufficient to apply the implicit function theorem
to the equation derived from (2, 43) by dividing it by ¢,, and extracting a 2m-th power
root from both of its sides,

Thus the uniqueness and one-sidedness of the cycle are established for this case ,
Since @, = @, -+ pa = ®, , this cycle is obviously normal, Theorem 2,1 is proved,

A more detailed investigation into the existence of small cycles, their number, and
analytic properties must take into consideration the nonlinear terms, A typical and one
of the simplest cases are described by statement that follows,

Theorem 2,2, Let all conditions of Theorem 2,1 and the inequality

Regogo = Re (Kz® (to20, ¥)s Pei*)g- 520 (2.45)
be satisfied, Then Vo is the point of branching out of a single one-sided cycle which

exists for small 8 > 0 (8 < 0), if Re go50 / Re 8110 << 0 (> 0), and is an analytic

function of parameter '8 (J — 0),and [ is an analytic function of &,

We then have o = (_ g_z_gﬁ_: 6-)'/' 4+ 0 ()
I
p= .21_1 s (Im Z110 — Reguo Rl:%%‘o) + 0 (62) (2.46)

*) This case is obviously exceptional, It can, for example, occur when AK¢ = 0. whether
this is possible in the case of Navier-Stokes equations is not known, It is not difficult,
however, to give examples of nonlinear operators with this property,
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Magnitudes gy0 and gog3¢ are defined by equalities (2, 33) and (2, 39).
Proof, Reverting to Eq. (2.41) and writing the expressions for terms containing §,
a? and p of the first power in an explicit form, we obtain

h(B, a? p)=in— 21? gnoﬁ—% goso .00 =0 (2.47)

Equation (2.47) can be solved foro? and p,since there exist functions ot == £(3). and
B = 7(3) which are analytic at point 8 = 0, reduce Eq. (2.47) to an identity, and are
uniquely defined by the stipulation that £(0) = n(0) == 0. This follows from the implicit
function theorem, since condition (2, 45) implies the inequality
9 (h,, Ry — 1m 0% Ok*

TP lemtmo ™ BN B0 fampy 1 8020 = Re goro 40 (2.48)

From (2, 48) we further have
- Reguo
£ (0) =
© Baao

. NO) = %lm gito+ % Ira goso &’ (0)

from which immediately follow the relationships (2,46). Thus Theorem 2,2 is proved,
The branching equation (2, 32) can be readily analyzed for various exceptional cases,

In fact, according to the implicit function theorem, p appearing in equation Ay (8, a?,
p)= 0 can be expressed in terms of a series expansion in powers of § and a?, since
(8/8p)hy (0, 0, 0) = 1 == 0. Substituting this expansion into equation %, (8, a?,
p) = 0, we obtain equation f (8, a?) = 0. A complete analysis of the latter can be
made with the use of the Newton diagram, For example, it can be readily shown in
this way that under conditions of Theorem 2,1 with Re gg40 = 0, but

Re gos0 = Re (K 20° (uog0s ) + 2K 5° (Uo20 Uggo), Pei™)r 20 (2.49)

a single normal one-sided cycle analytically dependent on &% or (—0)'/ branches out,
while i is analytically dependent on §'s or (—9)"+ and

o = (— ke s)" + 06" (2.50)
R 0 o\ 1 R .
po=xo—Im goao( R:f';:o 6) +'2—n'5(lm 8110 — R:gml gobo) + 0 (6™)

Let us also consider the case when -Re g;,, = 0 and condition (2, 40) are not satis-
fied, We eliminate 1 from Eq, (2,47) by substituting for it its expression in the form of
a series expansion in powers of & and a?

! 1
p/ =E‘Img1106 +'2—n‘lmg030a2+-.. (2.51)
where terms containing § and a? of powers higher than the first have been omitted, For

the determination of @ we obtain equation

Re g9a00? + Regyod? + ... =0 (2.52)

where terms containing § and ¢ of the third and higher powers have been omitted, It is
now obvious that there are no small cycles when

Re goz0 Re gyy0 >0 (2.53)

This completely explains the role of condition (2,40) in Theorem 2,1, With all
other conditions of the theorem satisfied, this condition is necessary and sufficient for
the critical value Voto be the point of branching out of a cycle for "arbitrary" purely
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nonlinear operator K and linear operators B, and B,.
If instead of (2, 53) the opposite inequality

RegosRe gy < 0 (2.54)
is valid, then it follows directly from (2, 52) that there exists a unique normal two-sided
cycle for which Re y

o = ( R i’;) '8+ 0@ (2.55)

3, Extension, In the foregoing analysis the properties of the Navier-Stokes equa-
tions were used to a small extent only, hence an extension to a fairly wide class of ordi-
nary differential equations in a Banach space is not difficult, This class of equations
includes numerous problems of mathematical physics such as, for example, nonlinear
parabolic equations, equations of magnetohydrodynamics, etc, We would note that the
assumption of analyticity with respect to parameter § , as well as that introduced below
on the analyticity with respect to'u , need not be strictly adhered to: it is sufficient to
specify only a few continuous derivatives (in the case of Theorems 2,1 and 3,1 only the
first derivatives need be continuous),

Let us derive the nontrivial 2n-periodic solutions of the ordinary differential equation

L A=K (v (3.1)

in the Banach space X on the following assumptions,
1) A is a linear operator generating the operator of the semigroup, The intersec-
tion of its spectrum with the imaginary axis consists of a pair of simple poles iy , 5=0.
We retain the previously used definitions (1, 6) and (1.10) for the eigenvectors of
operators 4 and A*,
Let Wp be the Banach space of the 2 -periodic vector function of parameter T
whose values in X have the finite norm

1ok, = S[ﬂ"“’!”ﬂAv(r)ux ]dr} +max]v (%) x 3.2)

Here p > 1 is a certain number,
2) We assume that forany @ 4 @, and f & Ly (10, 25, X) equation

02 4 Au=f 3.3)

has a unique 2n-periodic solution ¥ = L,f , and that operator Ls continuously acts
from L,(10, 2n], X) into Wp(coercivity),
3) For any sufficiently small 8 the nonlinear operator K acts absolutely continu-
ously from Wpinto Lp ([0, 2n), X) and in the vicinity of the zero of space X X R
is analytic with respect to the set v, 8, Let its expansion into a Taylor series be of the
form e oo
K@®8) = D D Kn™8", Kyp=0 (3.4)
M=l n=0
The following notation is used here:
Ko™ = Kmn (0, 0,000, 0) (3'5)
where K ,,n is a linear operator with respect to each of its arguments,

Let us set Ky, =—B, (n=1, 2, ..)
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In the case of the Navier-Stokes equations considered above X = H: p=2;

W, = H,; B, and K,, are defined by equalities (1,4), and the remaining operators
K n are equal zero,

Conditions 1-3 make it possible to extend the previously derived results to the general
case, Since the proofs remain the same, the subject reduces to a branching equation of
the form (2, 30), Hence we confine ourselves to the formulation of the theorem,

Theorem 3,2, Let conditions 1-3 and

Re (B, ¢, )=+ 0 (3.6}

be satisfied, The § = 0 is the point of branching out of a cycle, and we have either
a unique normal one-sided cycle, or for d=0andow =0 0'Eq, (3.1) has a set of 21t
periodic solutions {v,} with vy = 0, while tor small § 5= 0 there are no nontivial
27 -periodic solutions (*),

Theorem 3,2, Let the conditions of Theorem 3,1 and the inequality

Re gogo = Re (K0’ (9, 20) + K30° (0%, 2) + Ko’ (9, 9, 9%), ®) =0 (3.7)
Kgo(u, u, v) = Ky (v, u, u) + Ky (4, v, u) + Ky (u, u, v)
be satisfied. Then & = O is the point of branching out of a unique normal one-sided

cycle which is an analytic function of parameter '|/ d or Y —6,andept = 0 — @,
is an analytic function of 8." In this case

v =( Re g 5)%\]} +0(5)

" Re goso

I
B = -:2%6 (Im E110 — Re gy mgm) + 0 (8% (3.8)

Re goso

The conclusions presented at the end of the preceding Section are, also, valid in the
general case, although the expressions for coefficients gyi,n become somewhat more
involved,
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